We introduce the medial axis as a tool in the analysis of geometric structure of void space in porous media. The medial axis traces the fundamental geometry of the void pathways. We describe an algorithm for generating the medial axis of the void structure from digitized three dimensional images of porous media obtained from X ray CAT scans. The medial axis is constructed during an iterative erosion procedure which, at each step, replaces the image of the void structure with a smaller version obtained by eroding its surface layer of voxels. The algorithm is applied to high (5 m) resolution microtomographic images of two rock chips (Berea sandstone and Danish chalk) and a sample of uniform (100 m) diameter, packed glass beads. We statistically investigate several geometrical properties of the structure of the medial axes obtained. The rst is the distribution of relative volumes in each erosion layer of the void space. We nd the distributions to be exponential for the two real rock samples and normal for the packed glass beads. The second property investigated is the distribution of volumes of disconnected segments of the medial axis which are in one-to-one correspondence with disconnected void segments of the sample. We nd indications for a universal power law behavior governing the distribution of volumes of the smallest disconnected pieces. The nal behavior studied is a geometric tortuosity as measured by shortest paths through the medial axis. This tortuosity distribution appears well described by a gamma distribution.
Introduction
Understanding and determining the e ective transport and structural properties of porous media such as rocks, clays, and soils is a problem of long-standing interest in the geological sciences Scheidegger, 1974] . There have been many attempts, both theoretical and experimental, to determine the exact relationship between the microstructure (void structure in particular) and the ow properties attributed to both single-phase and multiphase ows. Many of the rigorous theoretical attempts Prager, 1961 ; Prager, 1962, 1970; Beran, 1968; Doi, 1976; Milton, 1981; Torquato and Avellaneda, 1991] are oriented toward constructing improved bounds which depend on statistical information describing the microstructure via a variety of statistical correlation functions. Even though these bounds may be highly predictive, the statistical correlation functions that serve as inputs are not highly sensitive to topological and geometrical changes in the microstructure. For example, the two-point correlation functions from two di erent media may look quite similar even though their microstructures may be drastically di erent. It is desirable to develop quantities that are sensitive to the topological and geometrical properties that distinguish one geological sample from another. We introduce the medial axis transform Sirjani and Cross, 1991; Kwok, 1988] as an example of one such technique.
The medial axis of any volume-lling object is intuitively the \spine" of the object running along its geometric middle. It de nes the inherent shape of the object. For example, the medial axis for a sphere is the center point, for a cylinder it is the axis of rotational symmetry, and for a slab bounded by two in nite parallel planes it is the parallel plane intermediate between the bounding planes. The medial axis for any n-dimensional object can be found by an algorithm equivalent to the following process. Imagine burning the object by igniting a re simultaneously everywhere on its entire surface. Let this re burn into the object at a constant rate, reducing it layer by layer. The re is said to directionally extinguish itself at a point if two components of the re, traveling in opposite directions, simultaneously arrive at that point. The set of all points within the object where the re directionally extinguishes itself is the medial axis. The time at which the re reaches any unburned point p in the object gives the radius (or \burn number") of the largest sphere centered at p which lies entirely within the object. For a medial axis point this sphere will touch (at least) two points, p 1 and p 2 , on the object's surface. The angle at p formed by the two radii, p ! p 1 and p ! p 2 , will be at least 90 .
Knowledge of the medial axis of the void space gives basic information concerning the topology and geometry of the void space. The attraction of the medial axis is that it has lower dimensionality than the object itself; for a two-dimensional object the medial axis will consist at most of a union of curves; for a three-dimensional object it is at most a surface. In this introductory paper on the analysis of the medial axis structure of the void space we concentrate on information derived concerning the burn number distribution, the distribution of disconnected medial axis segments, and the geometric tortuosity distribution between parallel faces.
The medial axis analysis is akin to the branchnode charts used by Dullien and coworkers Kaufman et al., 1983; Yanuka et al., 1984 Yanuka et al., , 1986 MacDonald et al., 1986; Kwiecien et al., 1990 ] to determine the void structure genus, using optical photography of serial sections. There are signi cant di erences, however. For three-dimensional void spaces a branchnode chart is a set of vertices (nodes) and connecting lines (branches), whereas the continuum medial axis is a surface. The branch-node chart retains the topology of the void space but not the geometry of the void space; i.e., each node and branch is in one-to-one correspondence with a void space feature, but no concept of a measure of distance is retained by the chart. Consequently, the chart can be isomorphicallyredrawn (in the sense of graph theory) with no loss of informational content. By contrast, the medial axis for any body is a unique geometrical object with each axis segment having a unique geometrical location relative to the body. Thus while the branch-node chart is useful only for obtaining topological information such as the genus, the medial axis contains, in addition, a wealth of geometrical information. Finally, construction of the branch-node chart, generally based upon analysis of sequential two-dimensional cross sections, is a very cumbersome computation with a great deal of logic involved. The medial axis algorithm is inherently three dimensional, and the algorithm is extremely straightforward to code.
In this paper we discuss the medial axis analysis in the context of tomography where the object is represented by a discrete cubic array of voxels (volumelling objects of nite dimension). A discrete approximation to the continuum medial axis described above is generated and analyzed. The discrete medial axis consists of a subset of voxels each of which contains a portion of the true continuum medial axis surface. As the tomographic resolution used to image an object is increased (i.e., as the voxel dimension decreases), the discrete medial axis provides a better approximation to the continuum medial axis. As a consequence of nite voxel volume, the discrete medial axis will have the same dimensionality as the object. Its importance lies in isolating that subset of voxels which contain the inherent geometry of the object.
There are two obvious areas of application for the medial axis. The rst is to analyze structure properties, such as pore throat and pore body size distributions, pore body to pore throat size aspect ratios, and pore body coordination numbers. In this regard we note that while methods exist to measure such distributions, they either are so labor intensive as to be effectively impractical (pore casts) or make intrinsic assumptions about void shape (e.g., mercury porosimetry measurements which provide information only on equivalent capillary tube diameters). By providing a set of voxels, whose relationship to the void-grain surface is well de ned, on which to organize a computer search, the medial axis may provide a means to e ectively investigate realistic pore/throat size and shape distributions in three dimensions. The second application arises from the fact that the discrete medial axis is a network of cubic voxels. Viewed as such, the technology of extracting physical properties from network models can be applied. (See, for example, Ioannidis and Chatzis 1993, and references therein] or the lattice Boltzman based modeling of Grunau et al., 1993] .) Typically, a network realization is intended to represent the complete void structure. As a network, however, the medial axis does not represent the entire void structure, merely its fundamental geometry. Replacing an entire void structure by its medial axis would allow for computation over larger medium volumes.
With recent experimental advances in elds such as scanning and transmission electron microscopy Fleger, 1993] , scanning tunneling electron microscopy Stroscio and Kaiser, 1992] , and synchrotron based X ray tomography Flannery et al., 1987; Kinney and Nichols, 1992; Spanne et al., 1994] it is possible to obtain high-resolution information regarding the microstructure of both man-made and geological samples. In particular, we are interested in synchrotron computed microtomography (CMT) as it provides a high-resolution probe (1{5 m) with the ability to characterize the medium in three dimensions. In this paper we consider three porous medium samples. The rst data set, a chip of Berea sandstone, is a reference standard rock, especially for petrology. The second, a chip of Danish chalk, is representative of a low-porosity rock that is di cult to work with using invasive laboratory techniques such as microsanding/microslicing. The third, a micropipette packed glass bead sample, provides a realization of a nonoverlapping sphere model, a model which has been extensively studied both theoretically and experimentally Stell, 1982, 1983a, b; Finney, 1968; Bryant and Blunt, 1992] .
The tomographic images of these samples were obtained at the National Synchrotron Light Source (NSLS) at Brookhaven National Laboratory. The CMT apparatus Spanne and Rivers, 1987; at Brookhaven utilizes the bending magnet radiation from beam line X26C at the NSLS. A rst generation approach to tomography is employed, with a pencil beam produced by use of tantalum collimators and the sample mounted on computer-controlled, stepping-motor-driven, rotation, and translation stages. Transmission of the beam through the sample is determined using a scintillation detector operated in current mode. The tomographic reconstruction employed a ltered backprojection algorithm using a sinc lter; the reconstruction algorithm is part of the computer program SNARK Herman, 1980] . Scanning and resolution parameters for the tomographic images are summarized in Table 1 . From beam intensity, collimated beam cross section, and measurement times, we estimate 0.7 to 1.5 million photons per ray were incident upon each sample. As these images were collected by rst generation tomography, with collection times of approximately an hour per slice, the number of slices available is a limiting factor in the analysis.
Image Segmentation
A tomographic image slice consists of a rectangular array of reconstructed linear attenuation coe cient values, each corresponding to a nite volume cube (voxel) of the sample. Plate 1a presents a typical X ray attenuation coe cient image for a slice of the Berea sandstone. The distinction between the void and grain phases is not sharp due to nite volume effects and the nature of X ray tomography. The attenuation coe cient histogram for a typical two{phase air/rock material consists of an overlapping bivariate distribution is illustrated in Figure 1 (corresponding to the image of Plate 1). The peak at higher attenuation coe cient values is associated with the grain phase, while the peak at lower attenuation coe cient values is associated with the void phase.
For the medial axis analysis (and other quantitative analyses) of tomographic images it is necessary to have a well-de ned, self-consistent method, accurate to within the spatial resolution, of labeling each voxel as either void or grain. Due to the nite size of each voxel, a fraction, denoted as partial voxels, contains a pore/grain edge. Intuitively, we desire to identify those voxels containing 50% or greater grain (void) volume to be grain (void) voxels. One traditional approach involves the choice of a cuto attenuation coe cient lying somewhere between the peaks in Figure  1 ; any voxel with attenuation coe cient greater (less) than the cuto is identi ed as grain (void). In general, choice of this cuto is arbitrary and has little physical basis. Jain and Dubuisson 1992] present an analysis of several algorithms to segment both X ray and CAT scan images. They emphasize the inadequacy of using a simple threshold to obtain a reliable and accurate segmentation of the image and argue that the inherent structure of an image can be better characterized through detection and localization of the edges separating the various phases. These conclusions are further supported by Beghdada and Negrate, 1989] and Leu 1992] . We use an edge-based segmentation algorithm Coker and Lindquist, 1994] designed as a compromise between the simple threshold approach and the algorithmic complications associated with these published edge-enhancing segmentation algorithms. As tomographic images are obtained slice-wise, with consequent potential normalization deviations between di erent slices, our segmentation procedure is performed on individual slices.
The resultant segmented image, with voxel{by{ voxel pore/grain identi cation is shown in Plate 1b. The voxels so identi ed as grains are colored black; the white voxels are void space. This binary image shows many of the key features seen in the tomographic image. In particular, many of the intergrain boundaries are present in the segmented image which is not the case when a simple threshold method is employed.
Construction of the Discrete Medial Axis
Consider a three-dimensional tomographic image consisting of a cubic array of voxels, each of which has been identi ed as either pore or grain. Tomographic images typically include an external region of air. As we are interested in the void structure interior to the imaged object we isolate a subregion U of interest lying within the interior. The medial axis of the void space in this subregion is constructed during the following iterative procedure which is a discrete version of the \burn" algorithm described in the introduction.
Initial
Step Label all voxels in the exterior region U with integer ?1. Label all grain voxels in U with integer 0. All void voxels in U are initially unlabeled. The kth Iteration Step (k = 1; 2; 3; ) Identify all unlabeled void voxels that lie next to a voxel having label k ? 1. Label each such voxel with the integer k. For each such voxel, record the relative directions of each of its k ? 1 labeled neighbors.
In this iterative procedure the pore voxels are being \burned," with the burning process starting simultaneously in the layer of voxels lying next to the grains and progressing into unburnt voxels at a rate of one layer per iteration. In the discrete case a voxel's burn number is the radius (in units of number of voxels) of the largest, L 1 {norm ball (i.e., cube) centered at that voxel which just ts inside the void space.
If the burn simultaneously enters a voxel from two or more directions having components that cancel each other, such a voxel is a medial axis voxel. Simple examples of medial axis voxels are illustrated in Figures 2a and 2b . Clearly, the labeling of a voxel as medial axis is the discrete approximation statement that the voxel contains a segment of the true continuum medial axis. It is a frequent occurrence that on an iteration, the burn enters two neighboring voxels from opposite directions, as illustrated in Figure 2c . This is the discrete approximation to the statement that the medial axis lies close to the boundary separating the two voxels. In such a case we label both voxels as medial axis rather than choosing one preferentially to the other. Special consideration is given to voxels in which the burn enters from two perpendicular directions. In this case we examine the burn numbers of appropriate diagonal voxels, (v 1 and v 2 in Figure 2d ). Only if both diagonal voxels have burn numbers k ? 1 is v identi ed as medial axis.
Labeling exterior region voxels by ?1, grains by 0, and starting the algorithm at k = 1 ensures that exterior region voxels do not in uence the burning procedure in any fashion. The slightly ambiguous phrasing, \that lie next to," appearing in the iterative step of the burn algorithm, implies two variations of the algorithm. The identi cation of \lying next to" as \sharing a common face with" means that only the six neighbors of a three-dimensional voxel are considered in the algorithm. The identi cation of \lying next to" as \sharing any common boundary point" means that all 26 neighbors of a three-dimensional voxel are considered in the algorithm. The quantitative di erences in the resultant medial axis construction produced by these two algorithms are minor; for subjective reasons we prefer the latter algorithm and have used it exclusively for the results presented in this paper.
The result of the algorithm is a set of identi ed medial axis voxels, each having an integer label k (a burn number). As discussed in the introduction, although the continuum medial axis for a three-dimensional object is at most a surface, the discrete medial axis will occupy a fraction of volume dictated by voxel size (tomographic resolution). For the sandstone, chalk, and bead samples the medial axis voxels account for 46.7%, 81.3%, and 42.4%, respectively, of all void voxels.
The process of burning the void space is equivalent to iterative, three-dimensional erosion Doyen, 1988] of the void space by a reference object which is a single voxel. However, in a pure erosion context, interest is concentrated on the shape formed by all voxels of a given burn (i.e., erosion layer) number. By contrast, the medial axis consists of a subset of voxels from di erent erosion layers.
An example of this medial axis algorithm in two dimensions is illustrated in Plate 2a. Grain voxels are grey; all pore voxels are labeled with their appropriate burn number; medial axis voxels are colored, with colors corresponding to burn number. As Plate 2a illustrates, some of the structure of the medial axis results from pore shape due to irregularities in a single grain. This single-grain-induced extra structure can be eliminated from the medial axis by the following modi cation. During the burn procedure each grain is viewed as initiating a di erent colored re. Only when a voxel is burned by res of two di erent colors and the directional requirements listed above are met is it identi ed as a medial axis voxel. The resulting medial axis, of simpler structure, is shown in Plate 2b. Full advantage of the second algorithm depends on the ability to identify separate grain structures; a task of nontrivial geometric complexity when what one intuitively thinks of as separate grains actually touch.
Plates 3, 4, and 5 illustrate, for our three respective data samples, the medial axes computed using the algorithm of Plate 2a. For simplicity of presentation, two-dimensional slices de ned by each of the principle planes (xy, xz, yz) in the sample are presented. Grain voxels are black, exterior and nonmedial axis void voxels are white, and medial axis voxels appear in a spectrum of colors with each color corresponding to a di erent integer burn number (red is 1, green is 2, blue is 3, etc).
The chalk sample (Plate 4) consists of narrow pore spaces occupying a small volume fraction, approximately 3%. Nowhere does the medial axis lie farther than 15 m (L 1 measure) from a grain voxel. The sandstone sample (Plate 3) consists of relatively large void spaces separating irregularly shaped grains. The medial axis is nowhere farther than 55 m distance from a grain voxel. Due to the high packing fraction of the glass beads (Plate 5), the medial axis is nowhere farther than 35 m from any grain voxel.
We turn now to a discussion of three of the geometric properties of the void structure determined from an examination of the medial axis. In addition, we include porosity and speci c surface area determinations for these samples.
Burn Number Distribution
The distribution of burn numbers shows the relative number of voxels in each burn \layer," i.e., the relative number of voxels at each discrete distance normal to the void surface. For a single cylindrical pore of constant radius R, the burn number distribution would be (k) R ? k; for a single spherical pore of constant radius R, it would be (k) (R?k) 2 . Figure 3a plots, on a log-linear scale, the frequency distribution (open squares) of the burn numbers contained in the void space during the construction of the pore medial axis corresponding to the sandstone sample. Superimposed upon the distribution is the least squares straight-line t. The k = 13 values in Figure  3a represent very few occurrences; we have treated them as outliers and excluded them from the t. The agreement is excellent, indicating an exponential distribution n(k) 10
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of burn numbers. The least squares t values for and its standard deviation ( ) for the sandstone are given in Table 2 .
We also show the burn number distribution (open triangles) for the chalk sample. Although only three burn numbers are present in the chalk data, it appears that the burn number distribution is also exponential, decaying much more rapidly, with = 0:69 (3.45 m), than the Berea sample, = 3:06 (15.3 m).
In contrast, the burn number distribution for the glass bead sample is normally distributed, (k) 10
as shown in Figure 3b (open circles), which plots the distribution on a log{square scale. In all cases the distribution of burn numbers for the subset of void voxels comprising the medial axis (solid squares, triangles, and circles) has the same behavior as the full burn number distribution. As seen in Table 2 there is a slight di erence in the respective decay lengths for the medial axis distributions and full sample distributions. The di erence in slope between the sandstone and chalk samples and between the exponential distribution for these two and the glass bead distribution is indicative of inherent geometric di erences in the void structure. We postulate that the normalized exponential distribution (2) provides a one parameter, , family of distribution functions characterizing the void structure in a large class of real rock types. Possible correlations between the (range of) values of and di erent rock types remain to be investigated.
Porosity and Speci c Surface Area
Porosity measurements have been made by straight void-voxel count. The results, to three digits, are given in Table 3 in the v column. We have also determined porosities from two-point correlation function measurements Berryman and Blair, 1986] on each slice of the sample. The results for slice averaged porosity c and its standard deviation ( c ) are presented in Table 3 . The porosity measurements are in very good agreement with each other.
By direct count of the faces common to both a void and a grain voxel, it is possible to estimate the speci c surface area. These measurements, to three signi cant digits, are given in Table 4 in the s f column. Since the digitization into cubic voxels \staircases" the grain/void interface, these estimates are upper bounds on the speci c surface area. We have also computed speci c surface area measurements from the two-point correlation function measurements. The slope of the correlation function at zero distance was approximated from the rst two distances (0 and 5 m) at which the correlation function was measured. From Coker and Torquato 1995] it is expected that this will provide a better measurement of the true speci c surface area. The results for the slice averaged speci c surface area s c and its standard deviation (s c ) are presented in Table 4. The face-computed speci c surface area measurements are a factor of 1.75 to 1.9 times larger than the two-point correlation function measurements. In contrast, a \back of the envelope" computation for the speci c surface area of packed, uniform diameter, glass bead having sphere area A and volume V producing a porosity would be (1:0? )AV ?1 . For our sample of 100-m diameter glass beads, packed to produce a porosity of 0.38%, this rough calculation predicts a speci c surface area of 37000m ?1 , which lies between the s c and s f measurements, but is in better agreement with the two-point correlation measurement.
Connectivity
Of fundamental interest is the connectivity of the void paths. A simple measure of connectivity, explored here, is the number and geometry of the disconnected medial axis segments found in the sample which correspond, in number and geometry, to the disconnected void spaces. The distribution of volumes (measured as a percentage of total pore volume) of the disconnected medial axis fragments for the three data sets is shown in Figure 4 . In all cases, the data seem to suggest a composite distribution. The smallest medial axis fragments are distributed as a power law: n(v) v ?a ; v 0 < v < v 1 : (3) Here v 0 is set by the voxel resolution of 125 m 3 (expressed as a fraction of total pore volume). This is followed by an apparently constant distribution of medial axes of intermediate lengths n(v) = N; v 1 < v < v 2 : (4) In the sandstone and glass bead samples there is also a single very large interconnected void space not present in the chalk sample.
Estimates for these distribution parameters are given in Table 5 . A least squares t to the power law part of each distribution is shown in Figure 4 . The exponent a of the power law distribution of medial axis volumes for the smallest disconnected void spaces is remarkably similar for the three disparate samples, as indicated by the measurements of the exponent and its standard deviation (a). In fact, for the glass bead sample the presence of disconnected void spaces of any size is a surprise. For packed spherical glass beads of uniform diameter, no disconnected void spaces are possible (i.e., only a single, connected medial axis should occur). Examination of the sample reveals that the disconnected void spaces are due to imperfections in the manufacture of the glass beads. These imperfections occur both in the bead interior (voids) and on the bead surface (concavities) which then form disconnected void spaces when pressed against a second bead surface.
We have no satisfactory explanation for the \uni-versality" of the size distributions for the small disconnected void spaces in these three disparate samples. It may simply be due to the use of medial axis volume as a measure of the medial axis size, since this will not di erentiate between medial axis geometries. Nonetheless, the commonality of behavior is a surprise. It is reminiscent of previous work in which grain surfaces were found to be fractal in nature Wong et al., 1986] .
The constant part of the distribution for v 1 < v < v 2 may be due to either of the following: (1) nite sample size which limits the observable number of the larger disconnected pores or (2) true behavior, with the sample exhibiting power law behavior only at short length scales. The behavior for this part of the distribution needs to be examined using larger data sets.
The existence/absence of the single large medial axis is inherent to the nature of the sample. Both the sandstone and the bead samples exhibit high connectivity and therefore will always contain a single interconnected void space occupying a signi cant fraction of the pore space. The disconnected medial axis fragments account for 0.73% of the total medial axis volume in the glass bead sample and for 5.9% of the total medial axis volume in the Berea sample. Thus we estimate that disconnected pore space accounts for less than 1% of the total pore space in the glass bead sample and about 6% of the total pore space in the Berea sample. In contrast, the chalk does not contain an extended interconnected void space due to its low porosity and corresponding geometry. The largest medial axis fragment in the chalk sample accounts for only 4.4% of the total medial axis; thus the largest chalk pore accounts for only a few percent of the total pore volume.
Geometrical Tortuosity
Consider a cubic subregion C of the sample. Let F 1 and F 2 be two opposite faces of the cube. We are interested in a description of the void connectivity between the two faces. One measure of this is a geometrical tortuosity, de ned as a distribution of the shortest path lengths through the medial axis between the two faces. This de nition is quite natural and is similar to that used by Quiblier 1984] in earlier work on measuring tortuosity of digitized media.
We can view the discrete medial axis in C as a graph G, i.e., a network of nodes and edges. Each medial axis voxel is a node of the graph; two nodes are adjacent (have an edge joining them) if the corresponding medial axis voxels touch (share a common face, edge, or point). Let S 1 and S 2 denote the two sets of graph nodes lying on the faces F 1 and F 2 , respectively. Consider the set P 12 of all shortest paths through G between nodes in S 1 and S 2 . If there are N i nodes in S i , the set P 12 of shortest paths can be found by running Dijkstra's algorithm Cormen et al., 1990] minfN 1 ; N 2 g times. Figure 5 shows the sets P x , P y , and P z , of shortest paths between the x, y, and z bounding faces of a 56 In Figure 6 we plot this tortuosity distribution of shortest paths along the medial axis linking two parallel faces of a 840 840 280 m 3 (168 168 56 voxel) subregion of the Berea sample. The tortuosity of any path is de ned in the usual way, l= ;
where l is the actual path length and is the linear separation of the two parallel planes. The two parallel faces chosen are the subregion bounding faces in the short direction. The domain examined was limited by total sample size; however, the CPU time needed to run the large number of Dijkstra algorithms required to map out the shortest paths was nonnegligible (about 4 CPU days on a SUN Sparcstation 5 for the Berea sample run). The shape of the geometrical tortuosity probability density distribution is very well t by the gamma distribution with a minimum tortuosity 0 , ) subregion of the bead sample are shown in Figure 6 , middle and bottom, respectively. Relevant t information is given in Table 6 . It is not clear whether the glass bead sample is well characterized by the gamma distribution. However, we note that for the 100-m glass beads our sample region is only 4:5 4:5 1:25 cubic bead diameters; therefore we are severely limited by sample size. Further investigation of the bead geometrical tortuosity distribution on a larger sample is required.
For the tortuosity distributions associated with the geological samples the gamma distribution, with its characteristic relatively steep rise and an exponentially falling tail, provides a good characterization of the data. The probability of nding a path of tortuosity < 0 is of course zero; the probability of nding a path of tortuosity >= 0 is given by the incomplete gamma function 
Conclusion
In this paper we have introduced the medial axis technique as a tool for the analysis of void structure in porous media. With this new quantitative measure of the void geometry we have presented analyses for the burn number distribution, connectivity, and geometric tortuosity of the medial axis.
The burn number analysis suggests a one-parameter family of distribution functions that characterize the void structure in a large class of real rock types. This parameter may serve to correlate the structures of di erent rock types. The connectivity analysis suggests that the medial axis volumes associated with the smallest disconnected void spaces are distributed via a power law relation with possible universal behavior. The tortuosity of shortest medial axis paths between parallel planes for the geological samples appears well described by a three parameter gamma distribution.
There are two nite resolution issues to be considered when evaluating the results of medial axis analysis. The rst is a lower length scale cuto due to nite voxel size. In a discretized image with nite voxel resolution the medial axis is volume lling, approaching zero percent volume as the voxel size decreases. Thus one measure of how well the discrete medial axis approximates the continuum medial axis would be the percentage of total pore space occupied by the medial axis. For the three samples studied here, at 5-m resolution, these percentages are sandstone 46.7%, chalk 81.3%, and beads 42.4%. It is clear that the medial axis for the chalk sample is under resolved. For the Berea and bead samples the resolution is adequate, though better resolution is desirable.
The second resolution consideration is nite sample size. At 5-m resolution, considerations of tomographic data collection time, storage of the digitized image, and CPU/memory limitations for analyzing the image limit the volume of sample that can be handled. In the images analyzed here the fundamental limitation was due to data collection time from the rst generation tomographic process, which required approximately 90 min for a 600 by 600 voxel slice. The geometric tortuosity measurements are most limited by nite sample size. As long as a su cient number of void paths are seen in their entirety, the burn number distributions are probably quite well resolved. For the distribution of disconnected medial axis we have commented above where we suspect nite sample size e ects are in uencing the results. 
